By studying the monotonicity of the first nonzero eigenvalues of Laplace and p-Laplace operators on a closed convex hypersurface M n which evolves under inverse mean curvature flow in R n+1 , the isoperimetric lower bounds for both eigenvalues were founded.
in R n+1 . This is one of motivations of this paper. Recently, Wang and Xia [23] proved that for a closed hypersurface M n embedded in R n+1 which encloses a bounded domain Ω, then
, with equality holding iff M is an n-sphere, where vol(M) and vol(Ω) denote respectively the area of the closed hypersurface M and the volume of the domain Ω, and ω n+1 is the volume of a unit (n + 1)-sphere.
In 2012, for the same case, Santhanam [20] proved that
where R > 0 is such that vol(Ω) = vol(B(R)), and also equality holding iff M is an n-sphere. Subsequently, Binoy and Santhanam generalized this result in [3] to the hypersurface in Riemannian manifold with bounded sectional curvature. It is noting that all of above results are obtained by the traditional method of centers of gravity, which seems an effective way to treat the upper bound of the first eigenvalue.
In this paper, we shall study this problem to obtain a lower bound for the first nonzero eigenvalues of p-Laplace and Laplace of closed hypersurfaces using a new geometric inequality which is preserved under inverse mean curvature flow.
It is known that various mean curvature flows, such as inverse mean curvature flow [10, 21] , forced mean curvature flow [16] , are effective tools to study isoperimetric problems, as they, or after rescaled, always deform hypersurfaces to a sphere maintaining some feature. Recently, the quermassintegral isoperimetric inequalities have been studied intensively by inverse mean curvature flow, see [8, 9, 12, 22] . Meanwhile, many authors investigated the property of the first nonzero eigenvalues of the Laplace and p-Laplace operators under various mean curvature flows. Firstly, Zhao [25] derived the evolution equation of the first nonzero Laplace eigenvalue under Huisken's compact contracting mean curvature flow, and obtained some interesting monotonic quantities. Subsequently, he [26] proved the differentiability of the first eigenvalue of p-Laplace under powers of m-th mean curvature flow, and also obtained some interesting monotonic quantities related to it. Recently, Mao [18] proved the differentiability for the first eigenvalue of p-Laplace under forced mean curvature flow, and obtained the monotonicity of the first nonzero eigenvalues for both Laplace and p-Laplace operators along the forced mean curvature flow under some assumptions.
In this paper, by considering the monotonicity of the first nonzero eigenvalues of Laplace and p-Laplace operators on the closed hypersurface evolving under inverse mean curvature flow, we obtain following isoperimetric inequalities. 
Furthermore, equality holds in the two inequalities above iff M is an n-sphere of radius R.
The rest of this paper is organized as follows: In section 2, we collect some fundamental facts of eigenvalues and then derive the evolutions of the first nonzero eigenvalues of p-Laplace and Laplace under the general curvature evolution of hypersurfaces in Euclidean spaces. In section 3, We especially consider the case of inverse mean curvature flow and get a new geometric inequality preserving under the flow, which plays a key role in the proof of the main result. In the last section, we prove the monotonicity of the first nonzero eigenvalues and complete the proof of the main theorem by using the inequality obtained in section 3.
2 Evolutions of λ 1 (t) and λ 1,p (u,t)
Let (M n , g) be an n-dimensional compact Riemannian manifold, ∇ and div denote the covariant derivative and divergence operator on M n , respectively. Under local coordinates {x 1 , · · · , x n }, the p-Laplace operator for some smoothly function u = u(x) on M n is defined as
If there exists some non-trivial smooth function u defined on M n satisfying
for some positive constant λ (M n ), we call λ (M n ) the eigenvalue of the the p-Laplace operator on M n . It is known that the p-Laplace operator has discrete eigenvalues, although whether it only has discrete eigenvalue is still unknown when p = 2 [18] . Its fist nonzero eigenvalue is denoted by
The first nonzero eigenvalue of the the p-Laplace operator on M n can also be defined as
where W 1,p 0 (M) denotes the Sobolev space given by the closure of C ∞ functions with compact support on M n for the norm
When p = 2, above all become the standard definitions about general Laplace operator, the first nonzero eigenvalue for it is denoted by λ 1 (M n ) below.
For an n-dimensional smooth and compact manifold Σ n , let X 0 : Σ n → N n+1 (K) be a smooth immersion, where N n+1 (K) is a space form of constant sectional curvature K. We consider a family of smooth immersions X :
where f is a curvature function of points X (·,t) on the evolving hypersurface M n t = X (Σ n ,t) with M n = X (Σ n , 0), ν is the outward unit normal vector field , and I is the maximal existence interval.
In the following, g i j denotes the induced metric on M n t , H denotes mean curvature, h i j , |A| are respectively the second fundamental form and its norm, and dµ denotes the volume element on M n t . We denote by λ 1,p (t) and λ 1 (t) the first nonzero eigenvalues of p-Laplace and Laplace operators respectively on the evolving hypersurface M n t . In order to discuss the monotonicity of λ 1,p (t) and λ 1 (t) under the inverse mean curvature flow (3.1), we need calculate the evolution equations. But unfortunately, we don't known whether λ 1,p (t) is differentiable under this flow or not when p = 2, so a similar method to one in [4, 5, 18, 26] will be used to avoid this difficulty. Precisely, we define a smooth function
on the evolving hypersurface M n t whenever the flow (2.2) exists, where u = u(x,t) is an arbitrary smooth function satisfying
is the eigenfunction of λ 1,p (t), then we have
From the definition of λ 1,p (t) in (2.1) and λ 1,p (u,t) in (2.3), we have λ 1,p (u,t) ≥ λ 1,p (t), which is an important fact below. Zhao in [25] derived the evolution equation for λ 1 (t) under the convex contracting mean curvature flow in Euclidean space R n+1 , and also for λ 1,p (u,t) under the powers of m-th mean curvature flow in R n+1 in detail. Mao in [18] gave the evolution equations for both λ 1 (t) and λ 1,p (u,t) under the forced mean curvature flow in R n+1 . From their process, we find that only the evolution for the induced metric on the evolving hypersurface and the Codazzi property for the second fundamental form is used. As a result, we will derive both of them on the hypersurface M n t embedded in space form N n+1 (K) evolving under a general flow ∂ X ∂t = f (X (·,t))ν by a similar method. 
(ii)
Proof of Proposition 2.1
Let {x 1 , x 2 , · · · , x n } be the local normal coordinates on M t , and denote by B = |∇u| p−2 , B t = ∂ B ∂t , ∇ i u = u i , ∇ i ∇ j u = u i j for convenience. Taking derivatives with respect to time t on both sides of (2.3), we have
From Lemma 2.2 (i), we immediately have
Observing that the second fundamental form h i j is Codazzi in space form, then
Putting (2.8) into (2.6) and rearranging we obtain
Integrating by parts for the first three terms we arrive at
Observing that
By substituting (2.10) into (2.9), it follows that
where we have used
Now we treat the last term in (2.11). Since M t |u| p dµ = 1 by assumption, we have by taking derivatives for both sides
On the other hand, if u = u(x,t) is the eigenfunction of λ 1,p (t) on M t at time t, we have
As a result
which says that, the last term of (2.11) disappears. Thus (2.11) becomes
Integrating by parts for the last term, we have
Combining the above two equations, we finally have
This is (2.4) of proposition 2.1, and when p = 2, (2.5) can be obtained similarly.
Properties of inverse mean curvature flow
Let M n be a smooth closed n-dimensional hypersurface in an Euclidean space R n+1 , given by a smooth embedding X 0 : S n → R n+1 . The inverse mean curvature flow is the initial value problem 
For the rescaled hypersurfaceX(t) = e − t n X (t), we denote the corresponding geometric quantities with a tilde. The following relations can be obtained as in [13] 
The rescaled hypersurfaceM t satisfies
Thus, the following evolution equations for the rescaled flow (3.2) can be given by direct calculations.
Lemma 3.2. For the rescaled flow (3.2), we have
∂ ∂t dμ = 0; where dμ is the volume element onM n t .
The long-time existence and convergence about flow (3.1) has been given by Gerhardt in [10] , which is the foundation of our conclusion in this paper. 
where C 1 and C 2 are positive constants depending only on n , X 0 and its derivatives up to second order.
By the Hamilton maximum principle for tensor, we can prove the following Notice that ε(t) is also well defined for α 2 = 1 n . We claim that ε(t) has the following properties (i) 0 ≤ ε(t) ≤ 1 n ; (ii) ε(t) ր 1 n , as t → ∞; (iii) 0 ≤ ε(t) + ε ′ (t) 2ε(t) ≤ 1 n for all time t ∈ [0, ∞). The properties (i) and (ii) are obvious from the definition of ε(t), we will check (iii) below. In fact, as 0 < exp(−αt) ≤ 1 in the interval [0, ∞),
Multiplying both sides with exp(−αt + β ) gives 
